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Abstract: These are notes of introductory lectures on (a) elements of 2+1 di-
mensional gravity, (b) some aspects of its relation to Chern-Simons theory, (c) its
generalization to couple higher spins, and (d) cosmic singularity resolution as an ap-
plication in the context of flat space higher spin theory. A knowledge of the Einstein-
Hilbert action, classical non-Abelian gauge theory and some (negotiable amount of)
maturity are the only pre-requisites.
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1 Introduction
This introductory section is a bit more succinct and telegraphic than the rest of the
lectures, and its purpose is more to orient than to educate. So a beginning student
might find it more useful to start with Section 2 and then come back to the introduc-
tion at a later stage. The background required for these lectures is a knowledge of
general relativity (upto the field equations, Einstein-Hilbert action and basic solutions
like Schwarzschild) and with classical non-Abelian gauge theory at the level of any of
the standard Quantum Field Theory textbooks. The material presented here on 2+1
d gravity is standard, a classic reference is [1] (see also [2–6]). Reviews of higher
spin gravity are [7–9].
Finding a quantum theory of gravity is an old and difficult problem with both
technical and conceptual challenges. An example of the former is the non renormal-
izability of general relativity as a perturbative quantum field theory. An example
of a more conceptual question is that of the problem of gauge invariant observables
in a diffeomorphism invariant theory (like general relativity is). The list of puzzles
in quantum gravity goes way beyond these two. Quantizing gravity could mean the
quantization of space-time itself, and the meaning of that is not very clear from
numerous angles.
When we have a difficult problem, it is natural to look for easier models which
have the same important conceptual features, while at the same time, where a few
of the difficulties are avoided. Gravity in 2+1 dimensions is one such model. The
theory is relatively simple as it has no propagating degrees of freedom and the gauge
constraints have a possibility of being explicitly solved. Hence, the original motiva-
tion to look at this theory was related to quantization, and as a toy model for full
fledged quantum gravity in 3+1 dimensions. The simplification in 2+1 dimensions
can be understood by the observation that in 2+1 dimensions, general relativity can
be rewritten as a close-to-trivial gauge theory called Chern-Simons theory with (in
one case) a gauge group SL(2)× SL(2). This is one of the things we will review.
If we believe that string theory with its numerous new degrees of freedom is the
correct quantum theory of gravity, the stand-alone quantization of 2+1 dimensional
Einstein gravity discussed in the previous paragraph might seem like a not-so central
problem. However it turns out that even in string theory the AdS3/CFT2 corre-
spondence shows up in various contexts (especially in holography and black holes),
which means that quantum gravity in AdS3 is still of great interest. Another reason
for interest in 2+1 dimensions is a fact (getting only recently explored) that in the
tensionless limit, string theory becomes a theory of massless higher spins coupled
to gravity, and that in 2+1 dimensions there exist examples of such theories which
can again be expressed as Chern-Simons theories. Some aspects of this will also be
discussed in these lectures.
As an application of the formalism developed, we will consider (a 3-dimensional
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toy model of) one specific physical problem where quantum gravity is expected to
shed some light. This is the problem of cosmological singularities, for which the Big
Bang in our past is the quintessential example. We will find examples of three dimen-
sional spacetimes that mimic big-bang like features in 2+1 dimensions and show that
when embedded into a higher spin theory, these singularities can often be gauged
away, thanks to the extra gauge invariances of the higher spin theory. The fact that
higher spin symmetries are bigger gauge invariances than diffeomorphisms can be
taken as an indication that the worldsheet gauge invariance of the strings are bigger
than usual spacetime gauge invariances. Therefore troublesome (but diffeomorphism
invariant) features like horizons and singularities can potentially be gauge artefacts
in a higher spin theory.
Numerous papers on higher spin theory in various contexts of some relevance to
us are collected in [10–37].
2 2+1 Dimensional Gravity
Einstein-Hilbert action for gravity coupled to matter in 2+ 1 dimensions is given by
[1]
I =
1
16πG
∫
M
d3x
√−g(R − 2Λ) + Imatter. (2.1)
2.1 Dimensional Analysis
We work with natural units, ~ = c = 1. Because [dxµ] = [ds] = L in this choice, from
ds2 = gµνdx
µdxν , it is clear that [gµν ] = 1 and hence [g] = 1. Now, the expression
for the Riemann tensor in terms of metric tensor tells us that [R] = L−2. For I to be
dimensionless we have [G] = L = M−1, hence this theory is therefore power-counting
non-renormalizable. From (2.1), [Λ] = L−2, giving us a dimensionless quantity in the
theory,
l ∼ 1
G|Λ| 12
. (2.2)
2.2 Equations of motion
Equations of motion for the action (2.1) are,
Rµν + Λgµν − 1
2
gµνR = −8πGTµν (2.3)
these are diffeomorphism covariant. The number of independent components of Ricci
and Riemann tensors in d dimensions are
d(d+ 1)
2
&
d(d− 1)
4
(
d(d− 1)
2
+ 1
)
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respectively. In 2+1 dimensions it is interesting to note that both these tensors have
six independent components. Hence, Riemann tensor can be written completely in
terms of Ricci tensor and vice versa. Using this and the symmetries of Riemann
tensor, it is easy to show that
Rµνρσ = gµρRνσ + gνσRµρ − gµσRνρ − gνρRµσ − 1
2
(gµρgνσ − gµσgνρ)R. (2.4)
There is no traceless part, i.e. Weyl curvature tensor is zero. The above equation also
means that in vacuum(Tµν = 0), the solutions of Einstein equation are flat for Λ = 0,
and for Λ 6= 0 they have constant curvature (i.e. the Ricci scalar is a constant). That
is, in vacuum when Λ = 0, (2.3) becomes
Rµν =
1
2
gµνR (2.5)
which upon taking trace implies R = 0 = Rµν and hence from (2.4), Riemann
tensor vanishes and solution is locally flat. Similarly, when Λ 6= 0 vacuum solutions
of Einstein equation have constant curvature. This means that 2 + 1 dimensional
space-time does not have local degrees of freedom. It has curvature only where there
is matter, and there are no gravitational waves.
The fact that there are no local degrees of freedom in this case can also be seen
by looking at the number of independent parameters in the phase space of GR. The
independent parameters we have here are independent components of spatial metric
on a constant time hypersurface, which is d(d−1)/2 for GR in d dimensions, and their
time derivatives(conjugate momenta) which are again d(d−1)/2 in number. Einstein
field equations act as d constraints on initial conditions and further, coordinate choice
eliminates d degrees of freedom. This leaves us with d(d−1)−2d = d(d−3) degrees
of freedom, which is zero for d = 3.
As 2+1 gravity has no propagating degrees of freedom, it has an interesting
Newtonian limit. In this limit, we can show that geodesic equation reduces to [1]
d2xi
dt2
+ 2
(
d− 3
d− 2
)
∂iΦ = 0 (2.6)
i.e. in d = 3 gravity, static masses do not experience Newtonian gravitational force.
3 First order formalism
Let us start the discussion with general number of dimensions, d. Basic variables in
first order formalism are vielbeins eaµ, they are the transformation matrices between
tangent space and coordinate frame. If we take the basis vectors of local tangent
space to space-time to be orthonormal with Minkowski metric, vielbeins satisfy
gµνeaµe
b
ν = η
ab
ηabe
a
µe
b
ν = gµν . (3.1)
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Here, Greek indices are spacetime (“world”) indices and Latin indices are vielbein
(or triad as they are called, in 2+1 dimensions) indices. Collection of all possible
vielbeins at every point on M is together called a frame/vielbein bundle. Now, we
can work with V a = V µeaµ instead of V
µ. Covariant derivative of V a would be,
DµV
a = ∂µV
a + ωaµbV
b (3.2)
where, ωaµb is a connection in vielbein basis, it is called the spin connection. The
choice of ωaµb can be fixed by demanding the net parallel transport of e
a
µ to give a
vanishing covariant derivative (see [39] or section (12.1) of [38] for a clear discussion)
Dµe
a
ν = ∂µe
a
ν − Γρµνeaρ + ǫabcωµbeνc = 0. (3.3)
If the connection Γρµν is torsion free, then
T a = Dωe
a = dea + ωab ∧ eb = 0 (3.4)
where ea = eaνdx
ν is frame 1-form and ωab = ω
a
µbdx
µ is spin connection 1-form.
Equation (3.4) is called Cartan’s first structure equation. For torsion free case,
expression for ωaµb can be written explicitly in terms of frame 1-forms by inverting
them, we will see this for 2+1 dimensional case later.
The curvature tensor can be defined using the usual expression for gauge field
strength, adapted to the present case [39]
[Dµ, Dν ]V
a = RaµνbV
b. (3.5)
Using (3.2) Riemann tensor then takes the form,
dxµ ∧ dxνRaµνb = (∂[µωbν]a − ωc[µ|aωb|ν]c)dxµ ∧ dxν
= dωba + ω
b
c ∧ ωca (3.6)
which is analogous to the familiar gauge theory expression
F = dA+ A ∧ A. (3.7)
We can now use this along with metric and spin connection to write Einstein action
in first order formalism,
I = k
∫ [
ǫa1a2...aDR
a1a2 ∧ ea3 ∧ . . . eaD + Λ
D!
ǫa1a2...aDe
a1 ∧ ea2 · · · ∧ eaD
]
. (3.8)
where Ra1a2 is a curvature two form i.e., Ra1a2 ≡ Ra1a2a3a4ea3 ∧ ea4 . Varying this
action with respect to ω gives,
de+ ω ∧ e = 0. (3.9)
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This is the torsion free condition. Varying (3.8) with respect to e gives
dω + ω ∧ ω = 0 (3.10)
this is a condition that Ricci curvature vanishes(which is Einstein’s equation without
matter(for Λ = 0)).
3.1 2 + 1 D
In 2+1 dimensions vielbeins and spin connection can be written as one forms,
ea = eaµdx
µ, ωa =
1
2
ǫabcωµbcdx
µ (3.11)
where 3d Levi-Civita tensor ǫabc is an invariant tensor of SO(3, 1)(we use the con-
vention ǫ012 = 1). The existence of this object is the crucial reason why it is natural
to write 2+1 gravity as a Chern-Simons theory, as we will see.
Einstein-Hilbert action in three dimensions can be written as
I =
1
8πG
∫ [
ea ∧ (dωa + 1
2
ǫabcω
b ∧ ωc) + Λ
6
ǫabce
a ∧ eb ∧ ec
]
. (3.12)
One of the equations of motion is obtained by varying ωa:
Ta = dea + ǫabcω
b ∧ ec = 0. (3.13)
If triads eaµ are invertible, (3.13) can be solved to obtain the following expression for
spin connection,
ωaµ = ǫ
abceνc (∂µeνb − ∂νeµb)−
1
2
ǫbcd(eνbe
ρ
c∂ρeνd)e
a
µ (3.14)
invertibility of triad is important as the solution (3.14) is a second order equation
while (3.13) is a first order equation. Non-invertible triads can be important in the
quantum theory 1, but we will only deal with classical theories.
Varying the action with respect to ea gives,
dωa +
1
2
ǫabcω
b ∧ ωc + Λ
2
ǫabce
b ∧ ec = 0 (3.15)
i.e.,
Ra = dωa +
1
2
ǫabcω
b ∧ ωc = −Λ
2
ǫabce
b ∧ ec (3.16)
which is the Einstein’s equation in vielbein-spin-connection language.
1The quantum theory can change depending on the allowed fields one integrates over in the path
integral.
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Up to boundary terms, action (3.12) is invariant under two sets of gauge sym-
metries, they are (a) Local Lorentz Transformations (LLT),
δle
a = ǫabcebτc
δlω
a = dτa + ǫabcωbτc (3.17)
where τa is a local function, and (b) Local Translations (LT),
δte
a = dρa + ǫabcωbρc
δtω
a = −Λǫabcebρc. (3.18)
(The subscripts t and l above on δ are only labels.) These are called local Lorentz
transformations and local translations because the number of components of τ and
ρ are precisely equal to the number of parameters of Lorentz transformations (d(d−1)
2
in d dimensions) and translations (d in d dimensions) respectively 2.
The Einstein-Hilbert action in the second order (i.e., in the metric) formulation is
invariant under space-time diffeomorphisms. We now argue that this is a consequence
of LLT and LT in the first order (i.e., vielbein plus spin-connection) formulation.
Using the identity,
Lξσ = d(ξ · σ) + ξ · dσ (3.19)
for Lie derivative Lξ(ξ being a world vector) of a one form σ, we have
Lξe
a = d(ξ · ea) + ǫabcωb(ξ · ec) + ǫabceb(ξ · ωc) + α(E.O.M.)
Lξω
a = d(ξ · ωa) + ǫabcωb(ξ · ωc)− Λǫabceb(ξ · ρc) + β(E.O.M.) (3.20)
α and β are functions that depend on ξ. Using (3.17) and (3.18), (3.20) can be
written as
Lξe
a = δte
a|ρa=ξ·ea + δlea|τc=ξ·ωc + α(E.O.M.)
Lξω
a = δlω
a|τa=ξ·ωa + δtωa|ρc=ξ·ec + β(E.O.M.) (3.21)
thus, space-time diffeomorphisms (thought of as generated by the ξ) are not an
independent gauge symmetry. It is a combination of local Lorentz transformations
and local translations with parameters ρa = ξ · ea and τa = ξ · ωa (This is discussed
in [40]). This relationship is valid when triads are invertible, also, it is clear that the
above equivalence holds only for diffeomorphisms that can be built from infinitesimal
transformations, i.e. small diffeomorphisms which have an interpretation as being
generated by vector fields ξ. Large diffeomorphisms that can not be built from
infinitesimal transformations should be treated separately, they are important for
the quantum theory.
One of the reasons why quantization of 2+1 gravity is relatively straightforward
is, that the complicated diffeomorphism group can be written in terms of much
simpler pointwise gauge transformations as above [1]. In fact, this is not unique to
2+1 gravity, but it is a property of topological field theories.
2However the expressions (3.17) and (3.18) have been written specifically for 3 dimensions.
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4 Connection to Chern Simons theory
Gravity in 2+1 dimensions behaves like a gauge theory in many ways because its
first order action (3.12) is that of a gauge theory: the so-called Chern-Simons theory.
Let us demonstrate this by taking A = AaµTadx
µ to be a connection one form
of group G on a 3-manifold M , i.e A is the vector potential of gauge theory whose
gauge group is G, the generators of whose Lie algebra are Ta. Chern-Simons action
for A is then
ICS[A] =
k
4π
∫
M
Tr
[
A ∧ dA+ 2
3
A ∧A ∧A
]
(4.1)
Here k is coupling constant and Tr is the non-degenerate invariant bilinear form on
Lie algebra of G, which we will define more concretely below for the various cases.
Euler-Lagrange equations of motion of (4.1) are
F [A] = dA+ A ∧A = 0 (4.2)
hence, A is a flat connection(i.e. field strength of A vanishes). This does not mean
that A is always trivial, as potential with vanishing field strength might give rise
to Aharanov-Bohm effect(as we are working with non-abelian theories throughout,
it is understood that when we refer to Aharanov-Bohm, we mean a non-abelian
Aharanov-Bohm).
Now let G be the Poincare group ISO(2, 1), let Ja denote generator of Lorentz
transformation and P a that of translations. We then have[
Ja, J b
]
= ǫabcJc[
Ja, P b
]
= ǫabcPc[
P a, P b
]
= 0. (4.3)
If we define the group’s invariant bilinear form 3 via
Tr(JaP b) = ηab (4.4)
Tr(JaJ b) = Tr(P aP b) = 0 (4.5)
and write the connection one form as
A = eaPa + ω
aJa (4.6)
then up to possible boundary terms, it can be checked that the Chern-Simons action
(4.1) is same as Einstein-Hilbert action (3.12) with Λ = 0 and
k =
1
4G
(4.7)
3There exists a more standard bilinear form [40] but that is degenerate once we demand that it
commutes with P a.
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Also, it can be checked that the infinitesimal local Lorentz transformations and
translations are same as the infinitesimal version of ordinary ISO(2, 1) gauge trans-
formation of A.
A = g−1A¯g + g−1dg (4.8)
A similar construction can be followed when Λ 6= 0. First let us look at Λ =
−1/l2 < 0 , the AdS3 space. Take
A =
(
ω +
e
l
)
(4.9)
A˜ =
(
ω − e
l
)
(4.10)
where
A = AaµTadx
µ =
(
ωaµ +
eaµ
l
)
Tadx
µ =
(
ω +
e
l
)
(4.11)
similarly for A˜. These together constitute a connection one form of SL(2,R) ×
SL(2,R) if Ta are the generators of SL(2,R) with group algebra,
[Ta, Tb] = ǫabcT
c. (4.12)
By defining the invariant bilinear form
Tr (TaTb) =
1
2
ηab (4.13)
we can see that the Chern-Simons action,
I[A, A˜] = ICS[A]− ICS[A˜] (4.14)
is same as first order action (3.12) with k = l/4G, upto boundary terms.
When Λ = −1/l2 > 0, we will be looking at de-sitter gravity. The generators are
that of SL(2,C),
[Ta, Tb] = ǫabcT
c (4.15)
with invariant bilinear form
Tr (TaTb) =
1
2
ηab
and the connection one forms are
A =
(
ω +
i
l
e
)
(4.16)
A˜ =
(
ω − i
l
e
)
. (4.17)
with (4.13) as an invariant bilinear form and k = −il/4G, the Chern-Simons action
I[A, A˜] = ICS[A]− ICS[A˜]
– 9 –
is same as first order action (3.12). Note that A˜aT
a = A∗aT
a(to make action real).
This condition also tells us that, unlike in previous cases, A and A˜ are not inde-
pendent of one another, hence, the gauge group of the theory is SL(2,C) and not
SL(2,C)×SL(2,C). As F [A] of (4.2) is the only gauge covariant local object, hence
flat connection implies no local observables.
The algebras (4.12) and (4.15) are identical: they are the SL(2) algebra. The
coefficients which the field takes values in decides weather it is SL(2,R)× SL(2,R)
or SL(2,C).
One comment: one might worry that writing down theories with non-compact
gauge groups is a recipe for trouble. In the quantum theory this leads to non-unitarity
due to negative norm states propagating locally. The way our theories will bypass
this problem is rather trivially: they have no local degrees of freedom at all, so there
is nothing to propagate.
4.1 Parallel transport on a vector bundle
Let us now take a small detour [1] and look at how to define parallel transport on
the vector bundle of triads. We will look at this because it gives us an expression for
holonomy, which we will use later.
We now consider parallel transporting of vectors in vielbein basis. Let xµ = xµ(s)
be the curve on the total spaceM , along which we are parallel transporting the vector
vi which is at initial point xµ(0). If connection here is Aaµ, then the parallel transport
equation is defined 4 as [1]
dvi
ds
+
dxµ
ds
AaµT
i
ajv
j = 0 (4.18)
Converting to integral form, we get
vi(s) = vi(0)−
∫ s
0
ds
dxµ(s)
ds
AaµT
i
ajv
j(s). (4.19)
This can be solved by iteration similar to the Dyson series in QFT
vi(s) = vi(0) +
∫ s1
0
ds1
dxµ(s1)
ds1
AaµT
i
aj
(
vj(0) +
∫ s2
0
ds2
dxµ(s2)
ds
AaµT
j
ak(v
k(0) + . . . )
)
vi(s) = U ij(s, 0)v
j(0), (4.20)
where
U ij(sn, sm) = P exp
(
−
∫ sn
sm
ds
dxµ(s)
ds
AaµT
i
aj
)
(4.21)
4Note that the discussion on parallel transport is essentially identical to the standard discussion
on parallel transport in Riemannian differential geometry (for example), but without the restriction
that the connections we are using have to be Christoffel symbols. The connection coefficients can
have legs on some arbitrary fiber, that is, AaµT
i
aj stands for a connection Γ
i
µj .
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in the above expression, P implies path ordering. The above expression can be Taylor
expanded in following way,
P exp
(
−
∫ sn
sm
ds
dxµ(s)
ds
AaµT
i
aj
)
=
∞∑
n=0
(−1)n
n!
∫ s1
0
ds1 . . .
∫ sn
0
dsnP
(
dxµ1(s1)
ds1
Aaµ1Ta . . .
dxµ(sn)
dsn
AbµTb
)
. (4.22)
If α : [0, 1] → M is a closed curve, then parallel transport matrix U(1, 0) is called
the gauge holonomy matrix of α, or holonomy for short.
By expanding path ordered exponential and using Stoke’s theorem, U matrix for
an infinitesimal curve can be shown to be
U ij ≈ δij −
∫
s
F aµνT
i
ajΣ
µν + . . . (4.23)
from this, if geometry does not have non trivial cycles and F aµν = 0, there are no
non-trivial observables. But, if the geometry has non trivial cycles, then the bound-
ary doesn’t enclose a complete surface, hence we can not use Stoke’s theorem like we
did in previous equation. If holonomy does not vanish even when F aµν vanishes, it
is precisely the Aharanov-Bohm phase shift. Therefore holonomies are the ob-
servables associated with a flat connection. In the classical theory, holonomies
can be used to distinguish classical solutions and in quantum theory they are gauge
invariant non-local observables.
4.2 Boundary terms and WZW Action
In this section, let us look at gauge symmetries and boundary terms that come up
during gauge transformation of (4.1). The Chern-Simons action depends directly on
the gauge-variant A and not on the gauge-invariant field strength F in a conventional
gauge theory. Let us look at its behaviour under gauge transformation of (4.1),
A = g−1dg + gA˜g−1. (4.24)
Substituting this in action, we get
ICS[A] = ICS[A˜] +
k
4π
∫
M
Tr
[
(g−1dg) ∧ (dg−1) ∧ (dg) + (dg) ∧ (dg−1) ∧ A˜ (4.25)
+ (dgg−1) ∧ dA˜− (g−1dg) ∧ (g−1A˜) ∧ (dg) + (g−1A˜g) ∧ (dg−1) ∧ (dg)
+ A˜ ∧ (gdg−1) ∧ A˜− (g−1A˜g) ∧ (g−1A˜) ∧ (dg)
+
2
3
(
(g−1dg) ∧ (g−1dg) ∧ (g−1dg) + (g−1dg) ∧ (g−1dg) ∧ (g−1A˜g)
+ (g−1dg) ∧ (g−1A˜g) ∧ (g−1dg) + (g−1dg) ∧ (g−1A˜g) ∧ (g−1A˜g)
+ (g−1A˜g) ∧ (g−1dg) ∧ (g−1dg) + (g−1A˜g) ∧ (g−1dg) ∧ (g−1A˜g)
+ (g−1A˜g) ∧ (g−1A˜g) ∧ (g−1dg)
)]
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now observe that second and third term in the above expression can be grouped
together as −d(dgg−1) ∧ A˜. Terms linear and quadratic coming from kinetic and
interaction parts cancel each other, leaving us with
ICS[A] = ICS[A˜]− k
4π
∫
∂M
Tr
[
(dgg−1) ∧ A˜
]
(4.26)
+
k
4π
∫
M
Tr
[
(g−1dg) ∧ (dg−1) ∧ (dg) + 2
3
(g−1dg) ∧ (g−1dg) ∧ (g−1dg)
]
the last term upon simplification yields,
− k
12π
∫
M
Tr
[
(g−1dg) ∧ (g−1dg) ∧ (g−1dg)
]
(4.27)
thus under a finite gauge transformation of the Chern-Simons action, we have
ICS[A] = ICS[A˜]− k
4π
∫
∂M
Tr
[
(dgg−1) ∧ A˜
]
− k
12π
∫
M
Tr
[
(g−1dg) ∧ (g−1dg) ∧ (g−1dg)
]
boundary term in RHS vanishes if the space is compact. If group G is also compact,
the last term is related to the winding number of the gauge transformation [53], its
value will be 2πn(n is integer) for appropriate k. Hence exp(iICS) which occurs in
path integral is gauge invariant. If M is not closed, then we need to add boundary
contributions to (4.1) to make the variational principle well defined(as the expression
is for a closed manifold). This can be seen explicitly by varying A in Chern-Simons
action (4.1),
δICS[A] = − k
4π
∫
∂M
Tr[A ∧ δA] + α(E.O.M.) (4.28)
where α(E.O.M.) means terms proportional to equations of motion, the other term
does not vanish if M is not closed and action wont have an extrema.
We can look at a simple example of scalar field theory to illustrate a solution for
situation at hand. Consider a scalar field φ whose action is written as
I[φ] =
1
2
∫
M
dnx
√−gφ∆φ (4.29)
where ∆ is a Laplacian ∇µ∇µ. If unit normal at boundary ∂M is nµ and h is induced
metric on the boundary, varying the above action with respect to φ gives
δI[φ] =
∫
M
dnx
√−gδφ∆φ+ 1
2
∫
∂M
dn−1x
√
h(φnµ∇µδφ− δφnµ∇µφ). (4.30)
This action clearly has extrema only when both φ and its normal derivatives vanish
at the boundary. Correction term to be added depends on boundary condition. If
– 12 –
we take φ to be fixed(i.e. δφ = 0) at boundary (Dirichlet boundary condition), the
term
I∂M [φ] = −1
2
∫
Σ
dn−1x
√
hφnµ∇µφ (4.31)
cancels the boundary term in (4.30)(Σ is a surface such that Σ+∂M is closed). Total
action is then
I ′[φ] = I[φ] + I∂M [φ] = −1
2
∫
M
dnx
√−g∇µφ∇µφ (4.32)
If we take the normal derivative to be fixed at boundary (Neumann boundary con-
dition) instead of fixing φ itself, total action will then be I ′′[M ] = I[M ] − I∂M [φ].
Hence, as the correction term for action to have appropriate extrema depends on
boundary condition, so does the complete action. This can be expected because
boundary contribution depends on the behaviour of the field at the boundary.
A similar simple exercise can be done with Chern Simons action, if we choose a
complex structure and look at AdS theory [28],
∂M = R× S1
x± =
t
l
± φ. (4.33)
We then have
δICS[A] = − k
4π
∫
∂M
Tr[A ∧ δA]
= − k
4π
∫
R×S1
dx+dx−Tr[A+δA− − A−δA+] (4.34)
apart from cases like A+ = 0 orA− = 0 at boundary(which can also be worthy of
study), to define a general boundary value problem, we can add
I∂M [A] =
k
2π
∫
M
dx+dx−Tr[A+A−]. (4.35)
Depending on weather A+ is held constant or A−, final action will be
I ′CS[A] = ICS[A]± I∂M [A]. (4.36)
If we keep A+ fixed, the modified Chern Simons action I
′
CS[A] = ICS[A] + I∂M [A]
transforms under gauge transformation A = g−1dg + g−1A˜g as
I ′CS[A] = I
′
CS[A˜] + kI
+
WZW [g, A˜+]. (4.37)
where I+WZW [g, A˜+] is the action of a chiral Wess-Zumino-Witten model on the bound-
ary ∂M ,
I+WZW [g, A˜+] =
1
4π
∫
∂M
Tr
[
g−1∂+gg
−1∂−g − 2g−1A−gA˜+
]
+
1
12π
∫
M
Tr
[
g−1dg
]3
(4.38)
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This implies that number of physical degrees of freedom of Chern-Simons theory,
2+1 gravity in particular, depends on whether space time has a boundary. If there
is boundary, gauge invariance is broken on it and these gauge degrees of freedom
are dynamical, each broken symmetry adding infinite dimensional space of solutions
that are not equivalent.
5 Chern-Simons Higher Spin AdS3
We have previously seen Chern-Simons AdS3 theory. Now, let us generalize the
theory to include more degrees of freedom. This can be done by increasing the rank
of Chern-Simons gauge group: the resulting theory is called a higher spin Chern-
Simons theory. We will only discuss AdS3 case in detail, but similar statements exist
for flat space and dS3 as well.
As an example, let us promote the gauge group of AdS3 to SL(3,R)×SL(3,R).
This can be done by introducing five symmetric and traceless generators Tab to the
three generators Ta of SL(2,R) to give eight generators of SL(3,R). Their algebra
is
[Ta, Tb] = ηab
[Ta, Tbc] = ǫ
d
a(bTc)d
[Tab, Tcd] = −(ηa(cǫd)be + ηb(cǫd)ae)T e (5.1)
where (ab) means the symmetric product in indices a and b.
If we generalize the frame fields and connections to generators Tab as e
ab
µ and ω
ab
µ
respectively, we can try defining the SL(3,R) connections as
A :=
(
ωaµ +
eaµ
l
)
Tadx
µ +
(
ωbcµ +
ebcµ
l
)
Tbcdx
µ ≡
(
ω +
e
l
)
A˜ :=
(
ωaµ −
eaµ
l
)
Tadx
µ +
(
ωbcµ −
ebcµ
l
)
Tbcdx
µ ≡
(
ω − e
l
)
. (5.2)
By defining the invariant bilinear form to be
Tr(TaTb) = 2ηab
Tr(TaTbc) = 0
Tr(TabTcd) = −4
3
ηabηcd + 2(ηacηbd + ηadηbc) (5.3)
and taking k = l/4G, action
I[A, A˜] = ICS[A]− ICS[A˜]
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will become
I =
1
8πG
∫ [
e ∧R + 1
3l2
e ∧ e ∧ e
]
. (5.4)
which is same as first order action (3.12), except that fields and connections also
include those generated by Tab. It turns out that this will give us 2+1 gravity
coupled to spin-3 theory[28, 29]. By index counting, we can define metric and spin
field as [28]
gµν =
1
2
Tr[e(µeν)]
Φµνρ =
1
9
Tr[e(µeνeρ)] (5.5)
where eµ = e
a
µTa + e
bc
µ Tbc.
We can also work in a more convenient basis for generator matrices, we label the
generators as Li(i= -1,0,1) and Wm(m = -2,-1,0,1,2). Their algebra takes the form
[Li, Lj] = (i− j)Wi+j
[Li,Wm] = (2i−m)Wi+m
[Wm,Wn] = −1
3
(m− n)(2m2 + 2n2 −mn− 8)Lm+n (5.6)
and the invariant bilinear form becomes
Tr(L0L0) = 2, T r(L1L−1) = −4,
T r(W0W0) =
8
3
, T r(W1W−1) = −4,
T r(W2W−2) = 16. (5.7)
In this new basis, connections can then be written as
A = AaLa + A
mWm
A˜ = A˜aLa + A˜
mWm. (5.8)
Relation between the two representations and explicit matrices of generators in fun-
damental representation are given in Appendix. Parallel discussion follows for dS3
space, it is discussed in [41]. Aspects of flat space theory can be found in [42–44]
6 Singularity Resolution using Chern-Simons Theory
In this section, we will demonstrate that higher Spin Chern-Simons theory can be
used to resolve singularities. String theory is expected to resolve various space-time
singularities. But it is not straightforward to resolve singularities in cosmological
space-time as they are time dependent: string quantization is usually possible only
– 15 –
on time independent supersymmetric backgrounds. One way to go about it is to look
at cosmological quotients of flat space. As the covering space is flat, we can still use
string theory to explore these singularities. Some work in this direction has been
done on Milne orbifold(orbifold obtained by quotienting flat space with a boost). In
this case, it turns out that some tree level string scattering amplitudes are singular
and hence, string theory breaks down [45].
We will consider the Milne singularity in the context of Chern-Simons higher
spin theory in 2+1 dimensional flat space. The tensionless limit of string theory is
expected to be captured by higher spin theories. Hence, in this limit, we can think
heuristically that the world sheet gauge symmetries of tree level string theory are
realized as gauge symmetries of classical higher spin theory. So in the tensionless
limit we can ask whether space-time singularities are gauge artefacts, and if they are,
can we get rid of them by doing a gauge transformation. In fact, we will now show
that we can remove the singularity in the Milne Orbifold by doing a flat space higher
spin gauge transformation. Therefore, instead of calling it a singularity resolution,
we can say that we are getting rid of singularity by doing a gauge transformation
[46].
In the previous section, we have discussed Chern-Simons higher spin AdS3 theory.
It turns out that [43] this can be translated to a flat space theory by making a
substitution
1
l
→ ǫ (6.1)
where l is AdS radius and ǫ is Grassmann parameter defined by ǫ2 = 0 5. We take
the SL(3) matrices that are defined in Appendix. Milne metric in 2+1 dimensions
is [46]
ds2 = −dT 2 + r2CdX2 + α2T 2dφ2. (6.2)
where the parameters α and rC in terms of Mass (M) and Spin (J) are
α =
√
M, rC =
√
J2
4M
. (6.3)
We are setting 8G = 1. Space time behaves like a double cone and there is a causal
singularity at T = 0 where φ-circle crunches to a point before expanding in a big-
bang. Singularities in 3 dimensions are causal structure singularities, not curvature
5One way to see this is to write down the Chern-Simons action for the SL(2, R) × SL(2, R)
theory, namely (4.14), and note that it reduces to the first order Einstein action (3.12) without
a cosmological constant (in other words, flat space Chern-Simons gravity) when we make the re-
placement 1
l
→ ǫ. An analogous translation can be seen to apply for higher rank Chern-Simons
theories as well. We refer the reader to [43] for details, and for further evidence that this connec-
tion actually goes far beyond a mere map between the actions. The basic reason why this works is
because of the fact that flat space higher spin gauge groups are Inonu-Wigner contractions of AdS
higher spin gauge groups. In the pure gravity case, this is the familiar statement that ISO(2, 1) is
Inonu-Wigner contraction of SL(2, R)× SL(2, R).
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singularities, because the spacetime has constant curvature at every regular point.
In particular, since it is a spacelike circle that is shrinking to zero size at T = 0,
what we have is a cosmological singularity, not a horizon. This is discussed in detail
elsewhere [26, 47–49]. From (6.2), the triads (vielbein) and spin connection one forms
for the Milne universe are
eT = dT, eX = rCdX, e
φ = αTdφ, (6.4)
ωT = 0 = ωφ, ωX = αdφ. (6.5)
The Chern-Simons connection is then
A± = (ωa ± ǫea)Ta (6.6)
= ±(ǫdT )TT + (αdφ± rCdX)TX ± (ǫαTdφ)Tφ (6.7)
Let us now look at holonomy, the φ-circle holonomy matrix is ω±φ = 2πα(TX ±
ǫTTφ), it has the eigenvalues (0,±2πα). Similarly, X-circle holonomy matrix ω±X =
±2πrCTX has the eigenvalues (0,±2πrCǫ).
The characteristic polynomial coefficients of these holonomy matrices are cap-
tured by
Θ0φ ≡ det(ωφ) = 0, Θ0X ≡ det(ωX) = 0,
Θ1φ ≡ Tr(ω2φ) = 8π2α2, Θ1X ≡ Tr(ω2X) = 0. (6.8)
the ± superscript is dropped as the polynomials are identical for both. The higher
spin theory that we consider should also have same characteristic polynomial for it
to describe the same gauge configuration. Because, two matrices that have same
characteristic polynomial (Det[A− λI]) have the same eigenvalues.
From now on, let us drop the superscripts on the Chern-Simons connection and
work with the holomorphic component(A+), the anti-holomorphic part can be worked
out in the same way. Adding the higher spin components, we get
A′ = A+
n=2∑
n=−2
(Cn + ǫDn)Wn (6.9)
where Cn and Dn are frame fields and connection associated with generators Wn.
For simplicity, let us assume that they depend only on T and are independent of
φ and X . Note that if we can find some resolution, we can declare victory. Using
definition gµν = Tr[eµeν ] and (5.7), the metric now transforms into
g′µν = gµν +
4
3
D0µD
0
ν − 2D1µD−1ν − 2D−1µ D1ν + 8D2µD−2ν + 8D−2µ D2ν (6.10)
and the holonomy matrices
ωφ = 2π(αTX + ǫαTTφ + C
nWn + ǫD
nWn),
ωX = 2π(rCTX + C
nWn + ǫD
nWn) (6.11)
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should have characteristic polynomial coefficients same as (6.8). The resulting re-
lations are many for general Cs and Ds. Also the flatness condition for the new
connection
F ′ = dA′ + A′ ∧ A′ (6.12)
adds further constraints via the equations of motion.
As our goal is to resolve the Milne singularity by hook or crook, instead of solving
for a general case, we can try and look for a choice of Cs and Ds that satisfy all the
necessary conditions. First, let Cmµ = 0, the holonomy constraints then give us
D0φ = 3(D
2
φ +D
−2
φ ) (6.13)
in this choice, the remaining constraints from equation of motion will be satisfied if
we set D0φ = 3D
2
φ and take all the remaining Ds to vanish. The resultant change in
metric is
g′φφ = gφφ + 12(D
2
φ)
2, (6.14)
all other components will remain the same. The resultant Ricci scalar
R =
12(D2φ)
2α2
(12(D2φ)
2 + T 2α2)2
(6.15)
is finite and continuous at T = 0. Of course, since the metric is regular everywhere,
this is expected, but it is nice to check the continuity of the curvature scalar at
T = 0 nonetheless. Hence, the shrinking Milne universe now has a minimum radius
at T = 0 and also all the symmetries of the theory are maintained. The metric now
is smooth, instead of crunching to a point followed expanding in a big bang. Hence,
the Milne universe is desingularized. The non vanishing components of higher spin
field Φµνρ =
1
9
Tr[e(µeνeρ)] of resolved Milne orbifold
Φφφφ = −16
3
(D2φ)
3 +
4
3
D2φT
2α2
ΦφφX =
8
9
D2φrCTα
ΦφXX =
4
9
r2CD
2
φ, (6.16)
are regular everywhere and can be thought as matter fields supporting the resolved
geometry. Note also that the T coordinate gives the spacetime a natural global
time-ordering, so there is no possibility of closed timelike curves.
7 Final Comments
Gravity is much simpler in 2+1 dimensions, it has no local degrees of freedom,
and in that sense it can be solved exactly [40]. It is relatively easy to quantize it
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because diffeomorphism group can be written as simple pointwise gauge group. In
2+1 dimensions, we can write spin connection as a one form, so, it is then natural
to write gravity as a Chern-Simons theory. Finally, if the space is closed, solution
space of Chern-Simons theory is finite dimensional, on the other hand, if there is a
boundary, breaking of gauge symmetry makes the solution space infinite dimensional.
Chern-Simons theory also served as a simple way to couple higher spins to gravity
in 2+1 dimensions. This, as we discussed in the introduction, is interesting as a toy
model for string theory in the tensionless limit. The gauge invariances of string
theory become unbroken in the tensionless limit and we expect that they are related
to the higher spin gauge symmetries of the higher spin theory: these enhance the
ordinary diffeomorphism invariance of general relativity in spacetime. We used this
gauge redundancy to gauge away the Milne singularity as a toy model for resolving
the big bang. Progress in embedding our singularity resolution in a stringy context
has been made in [50, 51], where the phenomenon was found to be robust. That
there exist consistent boundary conditions for our solutions was elucidated in [15].
It will be very interesting to understand the manifestations of such a resolution in
a symmetry-broken phase of higher spin theory. This could work as an instructive
way in which string theory resolves physically realistic cosmological singularities.
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A Fundamental Matrix Representation
Generators Ta and Tbc can be written in terms of generators in fundamental matrix
representation as follows,
T0 =
1
2
(L1 + L−1), T1 =
1
2
(L1 − L−1),
T2 = L0,
T00 =
1
4
(W2 +W−2 + 2W0), T01 =
1
4
(W2 −W−2),
T11 =
1
4
(W2 +W−2 − 2W0), T02 = 1
2
(W1 −W−1),
T22 = W0, T12 =
1
2
(W1 +W−1). (A.1)
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Matrices of generators in the fundamental representation are [52]
L1 =

0 0 01 0 0
0 1 0

 , L0 =

1 0 00 0 0
0 0 −1

 , L−1 =

0 −2 00 0 −2
0 0 0

 ,
W0 =
2
3

1 0 00 −2 0
0 0 1

 , W1 =

0 0 01 0 0
0 −1 0

 , W2 = 2

0 0 00 0 0
1 0 0

 ,
W−2 = 2

0 0 40 0 0
0 0 0

 , W−1 =

0 −2 00 0 2
0 0 0

 . (A.2)
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